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Abstract 
Henriksen, M. and R.G. Wilson, Almost discrete SV-spaces, Topology and its Applications 46 
(1992) 89-97. 
A Hausdorff space is called almost discrete if it has precisely one nonisolated point. A Tychonoff 
space Y is called an SV-space if C( Y)/P 1s a valuation ring for every prime ideal P of C(Y). 
It is shown that the almost discrete space X = D v (00) is an SV-space if and only if X is a union 
of finitely many closed basically disconnected subspaces if and only if M, = {f E C(X): f(m) = O} 
contains only finitely many minimal prime ideals. Some unsolved problems are posed. 
Keywords: Perfectly normal space, basically disconnected space, extremally disconnected space, 
F-space, P-space, minimal prime ideal. 
AMS(MOS) Subj. Class.: 54C40, 54605. 
1. Introduction 
Throughout this paper, X will denote an almost discrete space, that is to say, a 
Hausdorff space with precisely one nonisolated point 00; such spaces are easily seen 
to be normal. A Tychonoff space Y is called an SV-space in [4] if for every prime 
ideal P of the ring C(Y) of continuous real-valued functions on Y, the residue 
class ring C( Y)/ P is a valuation ring. Below, we show that an almost discrete space 
X is an SV-space if and only if the ideal 0, of elements of C(X) that vanish on a 
neighbourhood of p is a finite intersection of minimal prime ideals of C(X) if and 
only if X is a finite union of closed basically disconnected spaces. 
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It seems natural that the reader should wonder why we wish to publish results 
on (Tychonoff) spaces with exactly one nonisolated point. Indeed, we started out 
with loftier ambitions, but found the problem of characterizing SV-spaces in a more 
general context intractable for reasons that will become evident in Section 4 below. 
Our results were difficult to obtain even for almost discrete spaces, and we hope 
that they will inspire others to place them in a more general setting. 
2. Preliminary results 
The following result is probably well known, but we have been unable to find it 
explicitly stated in the literature. Recall that a space is p@ectZy normal if it is normal 
and each of its closed sets is a G,. 
2.1. Lemma. IfX = D u {CO} is an almost discrete space, then 
(i) X is normal, 
(ii) X is perfectly normal if and only if {CO} is a G6. 
Proof. (i) If A and B are disjoint closed sets, then at most one of them, say A, 
contains p. B’ is then a clopen set containing A and hence the space is normal. 
(ii) The necessity is obvious, so assume that {co} is a Gs and let A denote a 
closed subspace of X. By assumption, there is a family of open sets {U,,: n E w} 
such that {co} = n{ U,,: n E o}. Then 
A=n{U,,u(A\{co}): nEw> 
is a G, and so X is perfectly normal. 0 
Next we recall some notation, terminology and known facts about the ring C(Y) 
of continuous real-valued functions on a Tychonoff space Y and the subring C*( Y) 
of bounded elements of C(Y). Most of this may be found in [2]. 
Forf E C( Y),we call Z(f) = {y E Y: f(y) =0} the zeroset off andcoz f = Y\Z(f) 
the cozeroset ofJ: Every zeroset is a closed G, and the converse holds if Y is normal. 
If SC Y and every f E C*( Y) has a continuous extension over Y, then S is said 
to be C*-embedded in Y. Every Tychonoff space Y may be embedded as a dense 
C*-embedded subset of a (essentially unique) compact Hausdorff space PY, called 
the Stone-tech compactification of Y. We denote the unique continuous extension 
off E C*(Y) over /3Y by @f: 
If S is a subset of C( Y), let 9’(X) = {Z(f ): f E S}. If Z is an ideal of C( Y), then 
e(Z) is a z-jilter, that is to say, a family of zerosets not containing the empty set 
and which is closed under finite intersections and the taking of supersets. A z-filter 
9 such that A u B E 9 for A, B E %(X) implies that A E 9 or B E 9 is called a prime 
z-jilter and a maximal z-filter is called a z-ultrujlter. Every z-ultrafilter is a prime 
z-filter and the converse holds if Y is discrete. On a discrete space, the prefix “z-” 
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will be dropped and we will refer to prime filters and ultrafilters, etc. Note that P 
is a prime z-ideal of C(Y) if and only if e(P) is a prime z-filter, and M is a 
maximal ideal of C(Y) if and only if 9(M) is a z-ultrafilter. 
If pE/3Y, let 
O*p = {fE C*(Y): p E IntsyZ(pf)}, 
and let 
M*” = {f~ C*(Y): p E Z(pf)}. 
If P is a prime ideal of C*( Y), then there is a unique p E p Y such that O*” c 
PC M*p. 
For any p E Y, let 
0, = {fE C(Y): p E IntYZ(f)} 
and 
M, = U-E C( Y): P E Z(f)). 
If P is a prime ideal of C(Y) such that P c M,,, then 0, c P 
A space Y is called an F-space (respectively P-space) if 0, is a prime (respectively 
maximal) ideal for each p E Y. Equivalently, Y is an F-space (respectively P-space) 
if and only if cozf is C*-embedded (respectively clopen) in Y for every f E C( Y). 
Y is called extremally (respectively basically) disconnected if the closure of each of 
its open (respectively cozero) subspaces is open. Every P-space is basically discon- 
nected. If D is discrete, then any dense subspace of PO is extremally disconnected. 
Every basically disconnected space is an F-space. Y is called an SV-space if C( Y)/ P 
is a valuation ring for every prime ideal P of C( Y). It was shown in [4] that X is 
an SV-space if and only if PX is an SV-space and the corresponding statement 
about F-spaces appears in [2, Ch. 141. We will make use of the following fact 
established in [l, Corollary 12, p. 1601: 
2.2. Lemma. If P is a prime ideal of C( Y), then C(Y)/ P is a valuation ring if and 
only if C*( Y)/( P n C*( Y)) is a valuation ring. 
The next lemma enables us to reduce the problem of determining when an almost 
discrete space X = Du {co} is an SV-space to the problem of determining when 
C(X)/ P is a valuation ring for prime ideals P contained in M,. 
2.3. Lemma. An almost discrete space X = Du {CO} is an SV-space if and only if 
C(X)/P is a valuation ring for every minimal prime ideal PC M,,. 
Proof. As noted above, X is an SV-space if and only if C*(X)/P is a valuation 
ring for every prime ideal P of C*(X), and as observed in [4], we may assume that 
P is minimal. Now PC M*y for some ~EPX. Thus if qE D, then P= 
{f E C(X): f(q) = 0} and so C(X)/ P is the real field and hence is a valuation ring. 
92 M. Henriksen. R.G. Wilson 
If ~EPX\X, then RECITED and there is a clopen neighbourhood U of q not 
containing 00. Then U = Cl,, ( U n D) and /3( U n D) are homeomorphic. So U is 
an F-space (indeed, an extremally disconnected space) containing q. If fE C*(X) 
let 4(f) = HI,. . It is easy to show that C*(X)/P= C( U)/4(P) for any prime ideal 
PC M*“. Since U is an F-space and 4(P) is a prime ideal, C(U)/+(P) is a 
valuation ring and hence so too is C*(X)/P. Thus X is an SV-space if and only if 
C*(X)/P is a valuation ring for every (minimal) prime ideal PC M,. 0 
3. The main theorem 
The principal object of this section is to establish the following result: 
3.1. Theorem. If X = D u {CO} is an almost discrete space, then the following are 
equivalent: 
(a) X is an SV-space, 
(b) M, contains only finitely many minimal prime ideals of C(X), 
(c) X is a &rite union of closed basically disconnected subspaces. 
Before proving the theorem, we need to establish a series of lemmas after which 
we will establish the result under the assumption that X is perfectly normal. 
3.2. Lemma. Zf 0, = n{P,: 1 s i G n} is a jinite intersection of minimal prime ideals 
of C(X), then 
(4 IPI, . . . , P,,} is the set of minimal prime ideals of C(X) contained in M,, 
(b) for 1 G i G n, there is an J; E Pz\P, for i # j, and 
(c) if n> 1, there is a gE M,\P, for l<j<n. 
Proof. (a) If P is a minimal prime ideal of C(X), then 
and it follows that P 1 P, for some j. Since P is minimal, P = P,. 
(b) Assume for convenience that i = 1 and choose g, E P,\Pk for 2 s k G n. Then 
f,=lgzl+... + lg,, I has the desired property since prime ideals are order convex by 
[2, 5.51. 
(c) Clearly g =f, + * . . +fn is an element of M, but of no P, since prime ideals 
of C(X) are order convex as noted in the proof of (b). 0 
3.3. Remark. Lemma 3.2(a) shows that the assertion of Lemma 3.2(b) is equivalent 
to saying that 0, is a finite intersection of minimal prime ideals. For in any space 
Y and for any p E Y, O,, is the intersection of all the minimal prime ideals contained 
in M, (again see [2]). 
3.4. Lemma. Zf X = D u {a} is a perfectly normal almost discrete space such that M, 
contains infinitely many minimal prime ideals {P,: j E w}, then X is not an SV-space. 
Proof. By [3,2.5], each element of a minimal prime ideal has a zeroset with nonempty 
interior. So, for each j E w, 
EZ”( 4) = {Z(f) n D: f~ P,} 
is a filter on the discrete space D which is prime since P, is a prime ideal. So, by 
[2, 2.131, ZZ”(Pj) is an ultrafilter on D which we may regard as a point x, of PD. 
We now select an infinite subset of {x,: j E w} whose elements can be separated by 
pairwise disjoint clopen subsets of PD. After a possible renumbering, we denote 
these clopen sets by F, and assume that F, n DE Y( P,). 
Let X, denote the set X together with a new topology T defined as follows: 
(i) DC X is a set of isolated points, and 
(ii) U c X is a neighbourhood of 00 if and only if U n F, E T’( P,) for some j E w. 
Clearly 7 contains the original topology on X and so XT is perfectly normal and 
Hausdorff. 
Let 9 denote a free ultrafilter on w and let 
It is easy to verify that P* is a prime ideal of C(X,) and so 9?= Z(P*) is a prime 
z-filter on X,. Define PC C(X) by letting P={~E C(X): Z(~)E $9) and observe 
that P is a prime ideal of C(X). ChoosefE C(X) such that cozf= D and consider 
any h E C*(D) such that /3h( Fj) = l/j. 
By [3, 2.51, the zeroset of each element of a minimal prime ideal has nonempty 
interior. So, for any Ml E P, cozfn Z(w) = Z(w) is infinite since P is a minimal 
prime ideal and hlrcn,, has no extension to C(X,). Since r is stronger than the 
original topology on X, it has no extension to C(X) either. Thus by [4, Theorem 
2.41, X fails to be an SV-space. 0 
Lemma 3.4 shows that in Theorem 3.1, (c) implies (b) if X is perfectly normal. 
Next we adopt [2, Problem 14F] to our context. Recall that an ideal I of C( Y) is 
a z-ideal if Z(f) E Z(Z) implies that f E I for any f~ C( Y). Recall also that every 
minimal prime ideal is a z-ideal. 
3.5. Lemma. Suppose that X = D u {CO} is an almost discrete space. For every minimal 
prime ideal P of C(X) contained in M,, there is an ultrafilter M(P) on X such that 
~(P)=M(P)n%(X)=M(P)n%(M,x). 
Proof. This follows directly from [2, Problem 14F] since every minimal prime ideal 
is a z-ideal containing 0,. q 
We now turn to the equivalence of (a), (b) and (c) in Theorem 3.1. 
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Suppose that (b) of Theorem 3.1 holds and for 1 <js n, let Mj = M(P) denote 
an ultrafilter on X associated with the minimal prime ideal P, as in Lemma 3.5. Let 
%, = Z( M,). 
If X is a P-space, that is to say if cc is a P-point of X, then (c) and (a) hold. 
Thus henceforth we assume that X is not a P-space and hence that no Mj contains 
%I, for 1 d j d n. 
Since %, is a fixed z-ultrafilter, it is closed under countable intersection; however, 
each of the ultrafilters M, fails to have the countable intersection property since 
Mj 2 T(0,) and so if M, did have this property it would contain all of %(M,) 
contrary to the assumption that X is not a P-space. 
Since 0, = n{ P,: 1 d j < n}, we know that 




It follows that every zeroset neighbourhood of cc is the union of elements of %, 
and each of M,, . . . , M,,. 
By Lemma 3.2, there is a g E M,\f’, for 1. j < s n. Then A, = Z(g) is a P-space 
since 011, is a base of neighbourhoods of ~0 in Z(g) and Q1, is closed under countable 
intersection. 
By Lemma 3.2, for each j s n, there is an J E P,\P, if i f j. Let A, = Z(h). Since 
M, is not closed under countable intersection, (*) ensures that (03) is a Gs in A,. 
So by Lemma 3.6, Aj is an extremally disconnected space. Thus X = U{A,: 1 s is n} 
is the union of finitely many basically disconnected spaces. Thus (c) holds. 
The fact that (c) implies (a) is an immediate consequence of [4, Theorem 2.91. 
Finally, assume that (b) fails and that M,, contains an infinite sequence (4: j E U} 
of minimal prime ideals of C(X). By Lemma 3.5, there is an ultrafilter M,, on X 
such that 
%( P,) = M, n 2’(X) = M,, n T( M,). 
For each n E w, choose fn E M,\P,,. Let A,, = Z(fn) and A = n{Z(f,): nE w} and 
notethatAE~(M,).ThenB,=cozg,EM,forallnEw.LetM=r)(M,:nEw}. 
Then B = lJ{&: n E w} E M and A n B = 8. If M were closed under countable 
intersection, then since M 1 %(O,), it would contain T(M,) contrary to our 
hypothesis which implies that no P, is maximal. Thus B is perfectly normal since 
(00) is a G8 in B u (00) and it is clear that {P,, n C(B): n E co} is a countably infinite 
family of distinct minimal prime ideals of C(B). By Lemma 3.4, B is not an SV-space. 
Since B is closed in the normal space X, it follows from [4, Theorem 2.91 that X 
is not an SV-space. 0 
In the proof that (b) implies (c) of Theorem 3.1, the set A0 = Z(g) consists only 
of (00) if X is perfectly normal. Hence {a} is the only zeroset of X not contained 
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in 5?(P) for some minimal prime ideal P. Thus if X is perfectly normal, we have 
the following stronger result: 
3.6. Corollary. Suppose X = D u {CO} is a perfectly normal almost discrete space, then 
the following are equivalent: 
(a) X is an SV-space, 
(b) M, contains only jinitely many minimal prime ideals, 
(c) X is a finite union of closed extremally disconnected subspaces. 
4. What it seems to take to get beyond almost discrete spaces; remarks and open 
problems 
Almost discrete spaces seem to be such a special class that readers will wonder 
(if they have got this far) why one should pay so much attention to determining 
when they are SV-spaces. Extending the results given above to spaces with finitely 
many isolated points is an exercise since any such space is a direct sum of finitely 
many almost discrete spaces. Before proceeding further, we introduce some 
definitions. Recall first that if Y is a Tychonoff space, then every maximal ideal of 
C( Y) takes the form 
M” = {f~ C(Y): p E Cl,,Z(f)} 
for some unique p E PY, and if p is a prime ideal of C( Y), there is a unique p E BY 
such that P is contained in M” and contains 
0’ = IfE C(Y): P E Intpy(Cl&(f))) 
(see [2, Ch. 71). 
4.1. Definitions. Suppose that X is a Tychonoff space and p E PX. 
(i) X is called an SV-space at p if C(X)/ P is a valuation ring for every (minimal) 
prime ideal P contained in MP. 
(ii) X is called an FMP-space at p if M” contains only finitely many minimal 
prime ideals, and X is called an FMP-space if it is an FMP-space at every point 
of px. 
Note also that X is an SV-space if and only if it is an SV-space at every point 
of px. 
4.2. Problem. Is a Tychonoff space Y that is an SV-space at every point of Y 
necessarily an SV-space? 
By Theorem 3.1, Problem 4.2 has an affirmative answer for almost discrete spaces, 
but our proof techniques do not generalize easily. 
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The analogue of Definition 4.1(i) for F-spaces was made by Kohls in [5,6] and 
restated in [l, 2.41. A point of Y is a /?F-point if 0” is a prime ideal of C( Y). It 
is well known that if every point of Y is a BF-point, then Y is an F-space; this 
can be deduced easily from the fact that Y is an F-space if and only if the ideal 
generated by f and IfI is p rincipal for every f~ C(Y) (see [2, Ch. 141). No such 
simple algebraic characterization of SV-spaces exists and the answer to Problem 4.2 
may be negative. 
4.3. Problem. What is the relationship between SV-spaces and FMP-spaces? 
Again Theorem 3.1 shows that the two classes are equal when restricted to the 
class of almost discrete spaces, but it does not seem apparent that either contains 
the other in general. 
In the spirit of Problem 4.2, we can also ask: 
4.4. Problem. If y is an FMP-space at each p E Y, does it follow that Y is an 
FMP-space? 
Again, Problem 4.4 has an affirmative answer for almost discrete spaces. 
An affiirmative answer to the following question would probably enable one to 
answer the preceding ones: 
4.5. Problem. Is every SV-space a finite union of (closed) C*-embedded F-spaces? 
The converse was answered affirmatively in [4, Theorem 2.91. 
One barrier to answering is a paucity of interesting examples of SV-spaces. 
4.6. Problem. Is a closed subspace of an SV-space an SV-space? 
We conjecture that the answer is no, and even have a counterexample under the 
assumption that the continuum hypothesis (CH) holds. 
The space ZT of [2, 6Q3 is the union of the space N of positive integers and an 
uncountable discrete subspace D of BKJ\N that fails to be C*-embedded in IT. 
Choose a point p E BhJ\N which lies in the closure of two disjoint zerosets of D 
which do not have disjoint closures in BN. Then D u {p} is a closed almost discrete 
subspace of the extremally disconnected space 17 u {p} that is not an F-space as is 
proved in [6, Example 31. 
As is shown in [6, Example 31, {p} is a Gs in D u {p} and there are zerosets A, 
B of D such that p E CI,,A nCl,,B. As is noted in [2, 14N5], every countable 
subspace of BhJ\N is C*-embedded in BN\N, so one of the two sets has the property 
that p is not in the closure of any of its countable subsets. Suppose A has this latter 
property. We will show that if (CH) holds, then Au {p} is not an SV-space. Since 
D u {p} is normal, it will follow that the latter space is not an SV-space either by 
[4, 2.51. 
Almost discrete SV-spaces 97 
For, if Au {p} were an SV-space, then since {p} is a G, in A u {p}, there would 
be complimentary disjoint subsets A,, . . , A,, of A and ultrafilters M,, . . . , M,, on 
A, u {p}, . . , A, u {p} such that each neighbourhood of p is a union of elements 
of M, , . . . , M,, respectively. Since p is not in the closure of any countable subset 
of A, each member of the M, has power c by (CH). So the cardinality of a 
neighbourhood base at p exceeds c by [2,4G2]. But the cardinality of a neighbour- 
hood base at a point of /3N\N is c, as is noted in [2, 6S]. 
It seems likely that there is an example of a closed subspace of an SV-space that 
is not an SV-space in ZFC. 
Note added in proof 
Problem 4.2 has been solved in the affirmative, Problem 4.4 in the negative, and 
it is now known that every (compact) SV-space is an FMP-space. These solutions 
will appear in a subsequent paper by S. Larson, J. Martinez, R.C. Woods and M. 
Henriksen. 
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